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Primordial perturbation
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https://www.esa.int/ESA Multimedia/Images/2013/03/Planck CMB

b Temperature Anisotropy of CMB

https://science.nasa.gov/universe/galaxies/large-scale-structures/

Large Scale Structure
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| nﬂ at| on — Caused by a scalar field, called inflaton

Lagrangian for inflaton field

1
L=—29"0,$3,¢V(®)

EOM for inflaton field in homogeneous and isotropic metric

P dV_O
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The second term represents friction term

If ¢ is small, the inflaton field moves slowly

Slow-roll conditions
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| Quantization of Primordial Perturbation

Einstein-Hilbert action

S

1
= Ry—gd*
167G f gax
Einstein Hilbert action + Scalar field action

> = j‘/__gd4x [161316 - %gwaﬂ‘l’av‘/’ - V(qb)]

The perturbation for a scalar field

¢Cx,n) = d() + 8¢ (x, 1)
_— T~

Background perturbed



Quantization of Primordial Perturbation

Perturbing the Einstein-Hilbert action up to the second order.

(ave)”
a/e, :

1 )
S = —j d*x [(v'")? — 6Y0,v0;v +
2 R3

v - Mukhanov-Sasaki variable

v=a<5¢—%D>

Fourier transform of v

1 :
v(n,x) = 3j d3k vi(n)e™™
a : scale factor (2m)2 'R

€1 - slow-roll parameter

1 3 I %/ Z’ I % */ Zz, 2 *
S = —f dnd°k (vgvy ——Wpvg + v vy) + | — — k° | v
2 R3 Z Z

Z = aMp;/2€4

Mp; : Plank mass
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the conjugate momentum of v,

oL , A
= =V, ——V
av;;/ k - k

Pk

Hamiltonian

H = j d3k(prvy — L)
R3

IQ‘»)
w

Il
=

creation and annihilation operators.

V4

A\ 1 N A A " k A A
Dy = ﬁ(ck + Cik) Pr = —i E(ck — cfk)

Hamiltonian operator
i z'

_ k
g= j d3k [— (6t + e pet) — o= (exb_r — éikél-cr)]
3 2 2z

harmonic oscillator

Inverted harmonic oscillator
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<inverted harmonic oscillator> Andreas Albrecht, Pedro Ferreira, Michael
Joyce, Tomislav Prokopec[9303001]

Hamiltonian

H =

q(t) = Aet + Bet
p(t) = Aet — Be™t

a
2

p*
2

—

1 .5 0 5
A,B : constant of integration a

Phase space trajectories for a classical
inverted harmonic oscillator

¥

the circle evolves into the squeezed shape


https://arxiv.org/abs/astro-ph/9303001
https://arxiv.org/abs/astro-ph/9303001

| Quantization of Primordial Perturbation

Heisenberg equation
dée _ . - e 7
a = —i|é, H] <:> i an = kéy + i—C i

Bogoliubov transformation

e = we M Min) + vie@) eXMind) - (A)

\

dug(n) z' %
o = ku,(n) + l;vk(n)

dvi(n) z' *
i = kv, () + l;uk(n)

I
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| Quantization of Primordial Perturbation

| want to consider the evolution from vacuum state.

The state is described by acting ¢y, ¢_, 6,1: and (ﬂk on vacuum state.
But when the Hamiltonian is described by the form of an inverted harmonic oscillator,

the evolution is written by the following operators.

Introduce two operators

/@two-mode squeezing operator §(rk, D) \

S(ri, or) = eBk

By = 1.6 2k, (Mind) ke Mine) — Tie €2%ET, ini) & Mini)

(@rotation operator R(6;, )

R(6y) = ePx

\_ D = —i0k &yt (Mind) & (Mind) — 0L Mini) e i) -




| Quantization of Primordial Perturbation
Calculate the quantity RY S ¢, (9ini)Sk Rk
ﬁlt Sgék (Mini)Sk R = €70k cosh 1y & () — e~ 0k2+ 2Pk sinh 1 6Ik(ﬁim‘) - (B)
By comparing equation (A) and (B)

ur(n) = e % coshr,

v (n) = —e~OkT2iPk ginh 1,
‘ Heisenberg equation of u,(n), vi,(n)
dry z'
d_77 = — - cos(2¢y)
d z'
dink = —k + - coth(2r;,) sin(2¢y,)
do,, ‘

z
o =k + ;tanh Tk Sin(2¢y)
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Horizon
1oork Crossing
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https://arxiv.org/abs/2001.08664
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From |0, 0_; ) into two-mode squeezed state

S(Tk» ¢k)§(9k)|ok» 0_g) = S(Tk» i) |0k, 0_)

By using operator ordering theorem

(00]

Z e?"Pk(—1)" tanh 1y, |ng, n_y)

n=0

S(rie, P1)R(65) |0k, 0_p) = e

Density matrix for two-mode squeezed state

co

pk,—k) = z e2{n=n)$k (—1)™ ™ tanh™ ™ 1y |ny, n_ g Mg, nl g

nn'=0



Entanglement Witness

Separable state

W)as = ) b [9))a ® 9i)s

Jk

‘ Subsystem A and B can be measured independently.

Entangled state

W)as = ) ¢ 10 ® 1))

J

‘ Subsystem A and B can’t be measured independently



Entanglement Witness

Conditions of witness operator

~

(1) For all separable states
TrlpsepW] =0

(2) For at least one entangled states

Tr|pencW] <0
K rlp ] j

-

By computing this quantity, We can confirm
whether the states is entangled or not.

Horodecki et al [0702225]



https://arxiv.org/abs/quant-ph/0702225

Entanglement Witness

The condition of witness operator

(

\_

1)Non-negativity of mean value

Tr(W] =0

(2)Negative eigenvalue

~

&

1
W==1 - )

d—1
1
lY) = \/—ano |y, Mm_g)



Entanglement Witness

Witness operator for 2 level

1
W=21— [yl
1
1 1 1N N \
W) == ) Imimoid = = (100,020 + 116, 1-5)
m=0

N
1
ypmaxy = ﬁ;1|¢m>A ® [¥m)s

Bell state density matrix

1
p= YNyl = §(|0k»0—k> + |1, 1)) (O, O | + (Lpe, 1)



Entanglement Witness

Confirm whether the state is entangled or not

rripw] =r [o 51 = )]

~3

2l

2
I

—_
|

1
S ITrlpl = TriplbXyl]

For Bell state, entanglement witness is negative



Entanglement Witness

Entanglement witness for two-mode squeezed state

1
Tr[pW] = lim <ETT[ﬁ] - T?‘[ﬁll/))(lpl])

d— oo

oo

d—1
1 1 : ' ' '
— i 2i(n—

= jim {1 cosh? 1y, j ; j , € =)ok (— 1) tanh™

nn'=0mm’'=0
X Tr[|ng, n_gYng, nZg my, m_ }(my, m_g |1}

oo

d—1

= lim 1{ 1-— ! 7 7 e2i(n-n")¢y (— 1)"+"' tanh™" 7

d— oo COShZ Tk g g g k
nn'=0mm’'=01=0

X Ly, g g, n_g g, n_p [ my, m_y Yoy, mEg |, 1)}

oo

On 0, m Ot



Entanglement Witness

d—1
1 1 : / / /
_ C%l_r,f}og 1 — — 2 eZl(n—n )¢k(_1)n+n tanh™t" T
n,n/=0

Taking superhorizon limit, ¢, — —%

d—-1 d-1

.1 :
— C%l_r)go p 1-— Z tanh” 7y, 2 tanh™ 1

n=0 n’'=0

Taking 1, = 50,at the end of inflation, Tr[pW] is negative

-

Tr[pW] is negative at the end of inflation, so the
state for primordial perturbation is entangled.



I Future Works

* Build a way to observe quantumness
such as Entanglement Witness.

* Consider decoherence in the early
universe.
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