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Frontend Analog Circuits for Gas 
Detectors
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Background Knowledge
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● Laplace transform 
Transient properties of  analog circuits are usually 
expressed by differential equations. To solve the 
differential equations easily, Laplace transform is a 
powerful tool. 

● OP amps (Operational Amplifiers) 
Amplifier circuits, adder circuits, differentiator, 
Integrator… 
various operational circuits can be composed of  OP 
amps.



What is Laplace Transform?
In comparison with Fourier Transform
periodic wave in time domain non-periodic function in time domain

t [s]

f  [Hz]

frequency domain

t [s]

“s” domain

funcion of s,
which is on complex plane

Re(s)

Im(s)
amplitude

phase

Fourier transform inverse
Fourier transform Laplace transform inverse

Laplace transform
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Circuit Analysis with Laplace Transform

● Definition of  Laplace transform 

● Differential is transformed to s and integration is transformed to 1/s. 
→ Electronic circuit problems are solved by arithmetic operations (+
−×÷) 

● How to solve circuit problems: 
1. A circuit (t-domain) is Laplace transformed to an s-domain circuit. 
2. The obtained circuit is solved in the s-domain 
    using the Ohm’s law and Kirchhoff ’s lows. 
3. The obtained solution is inverse-Laplace transformed to t-domain.

8

F (s) =

� �

0
f(t)e�stdt



Table of Laplace Transforms
● We don’t need to calculate the integration shown before by ourselves. 

Instead, distributed tables are used to obtain Laplace transforms. 
● Pickups from the Laplace transform table. 

Left → Right : Laplace transform, 
Left ← Right : Inverse Laplace transform.

f(t) F(s)
δ(t) 1
u(t) 1/s

e-atu(t) 1/(s+a)
df(t)/dt sF(s) − f(0)
∫ f(t)dt (1/s)F(s)
f(t-T) e-sTF(s)9

unit step function
t=0

unit impulse function

Time shift
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Laplace Transform of a Capacitor

According to the Laplace transform table, differential is transformed as 
 
 
with which, capacitor’s v-i relation in the time domain, 
 
 
is transformed to an s-domain equation: 
 
 
where V(s) and I(s) are Laplace transforms of  v(t) and i(t). As a conclusion, a 
capacitor C is expressed as a passive device with impedance 1/sC in the s-
domain circuit if  the initial voltage v(t=0) is zero. 

df(t)

dt
� sF (s) � f(0)

i(t) = C
dv(t)

dt

I(s) = C (sV (s) � v(0)) = sCV (s) � Cv(0) � V (s) =
1

sC
I(s) +

v(0)

s

In many cases, there is 
no charge in the initial 
state therefore v(0)=0. 
Then the battery can be 
removed.

1

sC

v(0)

s

�v(t)

i(t) I(s)

V (s)C



Example: 
Analysis of RC Low-Pass Filter by Laplace Transform

● A step function with a step of  1V is applied to the voltage input of  the 
RC circuit below. Give the output voltage shape.

11

t=0
1V0V

t

Vout

？Vin=u(t)



12

t-domain

s-domain

Analogous to the resistor attenuator, 

s-domain in-out property of  the RC LPF is 
 
 
 
 

From the Laplace transform table, 

Therefore we obtain:

Example: 
Analysis of RC Low-Pass Filter by Laplace Transform

Vout =
R2

R1 + R2
Vin

Vout(s) =

1

sC

R +
1

sC

Vin(s) =
1

1 + sRC

1

s

=
1

s
� 1

s +
1

RC

F (s) � f(t) :
1

s
� u(t),

1

s + a
� e�atu(t)

Vout(t) = u(t) � e� t
RC u(t) = 1 � e� t

RC (t > 0)



Ideal OP amp  
(OP amp: Operational Amplifier)
● Infinite amplification of  differential input.
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−

＋
ΔV ΔV × ∞

（input impedance ∞）
input current = ０ →

input current = ０ →
（input impedance ∞）

∞



Negative Feedback of OP amps


● Feedback of  output to the negative input makes the 
output voltage finite.

14

−

＋
ΔV → 0 

(Virtual Short) Vout

β

no current btw. + and - inputs,
but they have a same voltage
as a result of feedback. 

output has
current driving ability

∞ Iout →



Basic OP amp circuit 1:
Inverting Amplifier circuit
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0

copy the voltage
(virtual short or
 virtual ground)

current I 
(Kirchhoff ’s law I)

I =
Vin � 0

R
=

Vin

R

Vout = 0 � IR2 = �R2

R1
Vin

(Ohm’s law for R1)

(Ohm’s law for R2)



Basic OP amp circuit 2:
Non-Inverting Amplifier circuit
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copy Vin
(virtual short) Vin

current I 
(Kirchhoff ’s law I)

Vin is copied to the negative input by the virtual short 
theory. Then, the resistor chain works as an attenuator 
when you look it from the output of  the OP amp.

Vin =
R1

R1 + R2
Vout � Vout =

�
1 +

R2

R1

�
Vin



Example of Analog Frontend circuit for 
Gas Detectors
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Example of Analog Frontend circuit for 
Gas Detectors
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Charge Amplifier 
(I → V)

charge from detector 
(I  = dQ/dt)

Pole-Zero Cancelation 
(PZC)

non-inverting 
amplifier

Shaper 
(Integrator)



charge from detector 
(I  = dQ/dt)

Example of Analog Frontend circuit for 
Gas Detectors
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cut low
frequency

cut high
frequency

constant shape!!

impulse input

Charge Amplifier 
(I → V) Pole-Zero Cancelation 

(PZC)

Shaper 
(Integrator)

non-inverting 
amplifier



Signal Source
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charge from detector 
(I  = dQ/dt)



● Signals from detectors are “charge” or “current pulse.” 
● Instead of  a real detector, you can generate test pulses by applying 

voltage steps to a capacitor. 
● Because cyclic pulses are composed of  repetitive rising and falling edges, 

positive and negative charges are alternately injected, which is different 
from real detectors.

Signal Source

21

=

I0(s) = Q

i0(t) = Q�(t)

V0

s

1

sC0

I0(s) =
V0

s
÷ 1

sC0
= C0V0

i0(t) = C0V0�(t)



Charge Amplifier
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Charge Amplifier 
(I → V)



Charge Amplifier
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● Convert the input charge to voltage. C1 determines the gain 
and the time constant C1R1 defines the recovery time.

C1=1pF

R1=1MΩ

R1=10MΩ

R1=100MΩcurrnet Iin

combined 
impedance 

Z

Vout = �IinZ

transfer 
function



Pole-Zero Cancellation (PZC)
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Pole-Zero Cancelation 
(PZC)



Pole-Zero Cancellation (PZC)
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combined 
impedance 
Z1

attenuator consists of  
Z1 and Z2

combined 
impedance 
Z2

● By setting the time constant same as the previous stage T1, i.e. C1R1 
= C2R2, the pole of   T1 and zero of   T2 are canceled. This is called 
pole-zero cancellation (PZC).

T2(s) � Vout(s)

Vin(s)
=

Z2

Z1 + Z2
=

R3�
R2||

1

sC2

�
+ R3

=
R3

R2 + R3

1 + sC2R2

1 + sC2(R2||R3)



Pole-Zero Cancellation (PZC)
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same time-constant

pole

zero
cancellation

● By setting the time constant same as the previous stage T1, i.e. C1R1 
= C2R2, the pole of  T1 and zero of  T2 are canceled. This is called 
pole-zero cancellation (PZC).

T2(s) =
R3

R2 + R3

1 + sC2R2

1 + sC2(R2||R3)
T1(s) = � R1

1 + sC1R1



Pole-Zero Cancellation (PZC)
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5 10 15 20

0.01

0.02

0.03

2 4 6 8 10 12 14

0.025

0.05

0.075

0.1

0.125

0.15

0.175

● If  pole and zero are not matched… ● Pole and zero are properly matched.



Non-Inverting Amplifier
(already explained)
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non-inverting 
amplifier

T3(s) � Vout(s)

Vin(s)
= 1 +

R5

R4

● DC attenuation by T2 is recovered by setting R5/R4 = R2/R3.



Shaping Amplifier (Shaper)
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Shaper 
(Integrator)



Shaping Amplifier (Shaper)
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● Low-Pass Filter (LPF) property or integration property. The time 
constant C7R7 defines the shaping time. 

● To make a “critical state,” where the signal tail is just before vibration, 
equalize T2 and T4 poles by designing as C7R7=C2(R2 || R3) .

combined impedance Z2

inverting amplifier 
composed of  

Z1 and Z2

Impedance Z1

T4(s) � Vout(s)

Vin(s)
= �Z2

Z1
= �

R7||
1

sC7

R6
= � 1

R6

1
1

R7
+ sC7

= �R7

R6

1

1 + sC7R7



T2(s) =
R3

R2 + R3

1 + sC2R2

1 + sC2(R2||R3)

● Low-Pass Filter (LPF) property or integration property. The time 
constant C7R7 defines the shaping time. 

● To make a “critical state,” where the signal tail is just before vibration, 
equalize T2 and T4 poles by designing as C7R7=C2(R2 || R3) .

Shaping Amplifier (Shaper)
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same time-constant

poleavoid vibrating state 
by equalizing poles

T4(s) = �R7

R6

1

1 + sC7R7

pole



Synthesized Transfer Function
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※　　　　　　　　　　        is used here.



SPICE Simulation 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V1 (Charge Amp)

V2 (PZC + non-inverting Amp)

V3 (Shaper)

Vout (Peak-Hold)

Sometimes peak-hold 
circuit is applied to 
wait A/D conversion.



Consideration to minimize the circuit
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Two currents should be completely proportional. 

This is because VA is proportional to VB and 
VA and VB are respectively proportional to I3 and I6 
due to Ohom’s law. 

Then…. I6

I3

VA VB

0V

0V



Consideration to minimize the circuit
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The following circuit should work as same as the previous one, 
with only the amplification difference.

Group Homework Problem: 
Please calculate the transfer function of  this circuit 
to show that the above sentence is true. 
You can also use the same capacitor and resister parameters as the original circuit 
to draw a graph that shows time dependence of  the output voltage.



z-transform for digital filtering
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Analog signal to digital signal
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f(0)
f(T) f(2T)

f(3T)

f(4T) f(5T)

Sampling

f(0)δ(0)
f(T)δ(t-T) f(2T)δ(t-2T)

f(3T)δ(t-3T)
f(4T)δ(t-4T)

f(5T)δ(t-5T)



Laplace transform of the Sampled signal
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When the signal f(t) is sampled with the period T, 
the obtained sampled signal f*(t) is

f�(t) = f(0)�(t) + f(T )�(t � T ) + f(2T )�(t � 2T ) + f(3T )�(t � 3T ) + · · ·
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

If  the signal is Laplace-transformed,

F �(s) = f(0) + f(T )e�sT + f(2T )e�2sT + f(3T )e�3sT + · · ·
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

because of  the following Laplace transform pairs.

�(t) � 1

t � t � kT � multiplication of e�ksT
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Example
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s

period  T = 1 [s]



z-transform
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F �(s) = f(0) + f(T )e�sT + f(2T )e�2sT + f(3T )e�3sT + · · ·
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Look at the Laplace transform again.

If  we replace e-sT by z-1,

z�1 � T [s] delay

z�2 = (z�1)2 � 2T [s] delay

z�3 = (z�1)3 � 3T [s] delay

z�4 = (z�1)4 � 4T [s] delay
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F �(s) = f(0)(e�1)0 + f(1)(e�1)1 + f(2)(e�1)2 + f(3)(e�1)3 + · · ·
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Here, z-1 denotes “one period (T) delay.”  Therefore,

So, the discrete signal array { f(0), f(T), f(2T), f(3T), … } is transformed to

F (z) =
��

k=0

f(kT )(z�1)k

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



z-transform Examples
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F (z) = 3 + 2z�1 � 3z�2 � 5z�3 + 4z�4 + z�7
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F (z) = 1 + 1 · z�1 + 1 · z�2 + 1 · z�3 + · · ·

=
1

1 � z�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



z-transform table
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f(t) F(s)

1

f(kT) F(z)

1�k =

�
1 (k = 0)
0 (k �= 0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

uk =

�
1 (k � 0)
0 (k < 0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1

1 � z�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ek�T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1

1 � e�T z�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1

s
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1

s � �
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

e�tu(t)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

u(t)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�(t)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

z-transform
Laplace transform 

(for comparison)



in/out correlation of digital system


43

digital system

For example, 
one sample period ( T[s] ) delay

Let me denote x(kT ), i.e. k-th data, as xk
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> �

��������

��������

y0 = 0
y1 = 5
y2 = 4
y3 = �2
y4 = 8

...
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x0 = 5
x1 = 4
x2 = �2
x3 = 8
x4 = 9

...

�
��������

��������
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(xk = 0 for k < 0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

yk = xk�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Y (z), z-transform of yk, is calculated as
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

multiplication of z�1 works as one sample delay!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Y (z) = y0 + y1z
�1 + y2z

�2 + y3z
�3 + · · ·

= x�1 + x0z
�1 + x1z

�2 + x2z
�3 + · · ·

= z�1(x0 + x1z
�1 + x2z

�2 + · · · ) = z�1
��

k=0

xkz�k

= z�1X(z)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

“difference equation”



One-sample delay circuit
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In digital circuits, one-sample delay is established by a D-type flip-flop (DFF). 
A cascade of  DFF is called a shift-register.

Figures from 
https://bit.ly/3KvbCq2

https://bit.ly/3KvbCq2


One-sample delay circuit
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In digital circuits, one-sample delay is established by a D-type flip-flop (DFF). 
A cascade of  DFF is called a shift-register.

z-transform of  the shift-register

z�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

z�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

z�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

X(z)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Y (z)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Y (z) = z�3X(z)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Difference equation
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The operation of the filter is described by a difference equation that 
relates yk as a function of the present input sample xk and any number of 
past input and output samples 

Recursion formula

yk =
q�

i=0

Lixk�i +
m�

i=1

Kiyk�i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



A simple 1st-order Difference equation
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Recursion formula
yk = L0xk + K1yk�1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

z�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

K1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

+
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

xk
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

yk�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

yk
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Digital filter network values are easily obtained, often by inspection
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Summary

● An example of  frontend analog circuits composed of  
OP amps was shown. Its analysis method was presented 
using the Laplace transform.  

● z-transform was explained, which is useful for analysis 
of  digital circuits. FIR and IIR filters were shown. 

● Homework problem : see pages 34 and 35.
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V1 (Charge Amp)

V2 (PZC + non-inverting Amp)

V3 (Shaper)

Vout (Peak-Hold)

Peak                                       is obtained at                 , which is called “peaking time.”

Shaping time is                      .

Integral of the pulse gives                                   .

Peak and Integral are both proportional to the injection charge Q. 

t = C7R7

� �

0
v(t)dt = QR1

R7

R6

vmax = QR1
R7

R6

1

C7R7

1

e

Peaking Time

� 1.04 C7R7



Definition of Shaping Time
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V1 (Charge Amp)

V2 (PZC + non-inverting Amp)

V3 (Shaper)

Vout (Peak-Hold)

Shaping time is defined as the σ of gaussian-
shape pulse. FWHM is known to be  
times larger than σ.
For non-gaussian pulse, therefore, FWHM/
2.35 can be used as shaping time instead.

FWHM = 2.35 x ST

σ

FWHM = 2.35σ

2
�

2 ln 2 � 2.35

※ ST/PT depends on shaping type.
FWHM = 2.45 C7R7

� ST = 1.04 C7R7


