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Let us define a set of operators:

K+ ≡ e2iϕk â†−kâ
†
k ,

K− ≡ e−2iϕk â−kâk ,

K0 ≡
1

2

(
â†kâk + â†−kâ−k + 1

)
,

for some ϕk, where the following commutation relations are satisfied:[
âk, â

†
k

]
= 1 , otherwise zero .

1. Show that K+, K− and K0 close the algebra as[
K−, K+

]
= 2K0 ,[

K0, K+

]
= K+ ,[

K0, K−
]

= −K− .

2. Show the the following relation is satisfied:

exp
(
α0K0 + α+K+ + α−K−

)
= eγ+K+eK0 log γ0eγ−K− ,

for constant α0, α+ and α−, where

γ0 ≡
(

cosh θ − α0

2θ
sinh θ

)−2
,

γ± ≡ 2α± sinh θ

2θ cosh θ − α0 sinh θ
,

θ2 =
α2
0

4
− α+α− .
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