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Introduction
Smarr relation and Thermodynamics

• The first law

δM = THδS − ΦδQ − ΩδJ (1)

• The Smarr relation (3 dim’nal) [Smarr ’73]

M = 1
2

THS − 1
2

ΦQ − 2ΩJ (2)

• Scaling symmetry gives Smarr relation
◦ 3 dim Einstein gravity with an minimally coupled scalar hair in

asymptotic AdS geometry. [Banados, Theisen ’05]
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Introduction
Scalar hairy Black holes

• No-hair theorem in 4 dim’nal flat space

• AAdS BH can have scalar hair with negative mass!

• AdS space

ds2 = −r2dt2 + dr2

r2 + r2dΣ2
D−2 (3)

• Lifshitz space

ds2 = −r2zdt2 + dr2

r2 + r2dΣ2
D−2 (4)

◦ anisotropic scaling of time and space

t → λzt , x → λx . (5)
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Introduction

1. 3 dimensional black holes

◦ New Massive Gravity with non-minimally coupled scalar model

2. Higher dimensional black branes

◦ Einstein-Maxwell-dilaton model (with scalar hair)

Sang-A Park Yonsei Univ. Scaling symmetry and the Smarr relation 4/17
4/17



Scalar hairy Lifshitz BH in 3 dim’nal NMG

• Model : NMG coupled with a scalar field

I[g, φ] = 1
16πG

∫
d3x

√
−g

[
η

(
LEH + 1

m2 LK

)
+ Lφ

]
, (6)

LEH = R − 2Λ ,

LK = RµνRµν − 3
8

R2 ,

Lφ = −1
2

(∂φ)2 − α

2
Rφ2 − V (φ) .

which admits the Lifshitz space

ds2 = −r2zdt2 + dr2

r2 + r2dθ2 , (7)

Λ = −1
2

(z2 + z + 1) , m2 = 1
2

(z2 − 3z + 1) .
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Reduced action

• Metric ansatz : ds2 = −e2A(r)f(r)dt2 + dr2

f(r) + r2dθ2 .

• Scalar hair : φ = φ(r) .

• Reduced action

Ired[A, f, φ, λ, Z] = 1
16πG

∫
d3x LφNMG , (8)

where

LφNMG = −eA
[
η

(
2rΛ + f ′ − 2fλ′ − f ′λ

)
+ 1

2
rfφ′2 + rV (φ)

− α

2
e−A(Z ′ + eAf ′)φ2

]
− η

(
Z + 2

m2 eAfλ
)′

+ ηe−A

8m2r

[
8eAλZ + (Z ′ − eAf ′)2 − 4

r
ZZ ′ + 4

r2 Z2
]

.
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Scaling symmetry

• Scaling transformation

δσIred = 1
16πG

∫
dtdθdrS′ , (9)

δσf = σ(2f − rf ′) , δσeA = σ(−2 − rA′)eA , δσφ = −σrφ′ .

• Noether charge, C = C(r)

8G C ≡ Θ(δσf) + Θ(δσZ) + Θ(δσλ) + Θ(δσφ) − S (10)

8G η C(r) = eA
[

− 1 + λ − e−A

4m2r
(Z ′ − eAf ′) + η

α

2
φ2

]
(2f − rf ′)

+ λZ + eA
[

− 2rfλ′ + η r2fφ′2
]

+ e−A

2m2r2 Z(2Z − rZ ′)

which is indep. of the scalar potential V .
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Scaling symmetry

Meaning of C?

C = η

8G

[
eA

(
− 1 + λ − e−A

4m2r
(Z ′ − eAf ′) + η

α

2
φ2

)
(2f − rf ′)

+ λZ + eA
(

− 2rfλ′ + η r2fφ′2
)

+ e−A

2m2r2 Z(2Z − rZ ′)
]
(11)

⇒ Compare with physical quantities of black holes
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At the horizon
Bekenstein-Hawking-Wald entropy

• direct computation

κ

2π
SBHW = 1

16πG

∫
H

dxµν∆Kµν(ξH) (12)

Krt(ξH) =
[
η

(
Z + 2eAfλ − e−A

4m2r
Z(Z ′ − eAf ′) + e−A

2m2r2 Z2
)

− α

2
Zφ2

]
r=rH

TH = κ

2π
= 1

4π
eA(rH)f ′(rH) (13)

• from C = C(rH)

⇒ THSBHW = C(rH) (14)
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At the asymptotic infinity
Mass of black hole

• direct computation

δMADT = 1
16πG

∫
r→∞

dxµν

(
δKµν(ξT ) − 2ξ

[µ
T Θν](δΨ)

)
(15)

• ‘on-shell’ scaling transformation to get finite expression

f(r) = r2 + · · · , eA(r) = rz−1 + · · · , φ(r) = φ∞ + · · ·

δ̂σf = σ(2f − rf ′) , δ̂σeA = σ(z − 1 − rA′)eA , δ̂σφ = −σrφ′

∴ δ̂σM = σ(1 + z)M (16)

• from C = C(r → ∞)

⇒ σC(r → ∞) = δ̂σM = σ(1 + z)M (17)
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The Smarr relation
Smarr relation of hairy Lifshitz black holes

(1 + z)M = C = THSBHW (18)

which is checked for several explicit examples using C .

• z=1, BTZ (eA = 1 , f = r2 − a) : C = ηa
4G

(
1 + 1

2m2

)
= 2M

• z=1, new type (eA = 1 , f = r2 − br + c) : C = η
8G

(
b2 − 4c

)
= 2M

• z=1, scalar hairy : C = 3
4GB2(1 + ν) = 2M

[Henneaux, Martinez, Troncoso, Zanelli ’04]

• z=3, eA = rz−1 , f = r2 − a : C = −ηa2

G = (1 + z)M
[Ayon-Beato, Garbarz, Giribet, Hassaine ’09]

• scalar hairy Lifshitz BH : C = − η
8G

a2(z+1)3(3z−5)
16(z−1)(z2−3z+1) = (1 + z)M

[Ayon-Beato, Bravo-Gaete, Correa, Hassaine, Juarez-Aubry, Oliva
’15]
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Lifshitz Black Brane in higher dim

• Model : Einstein-Maxwell-dilaton gravity in D dim

I[g, ϕ, A] = 1
16πG

∫
dDx

√
−g

(
LEH + LϕA

)
, (19)

LϕA ≡ −1
2

(
∂ϕ

)2 − 1
4

eλϕF2 , (20)

λ = −

√
2D − 2

z − 1
, Λ = −(D + z − 2)(D + z − 3)

2
.

which admits the Lifshitz black brane with

eϕ = µ r
√

2(D−2)(z−1)
[
1 + O

(1
r

)]
, (21)

A =

√
2(z − 1)

D + z − 2
µ− λ

2 rD+z−2
[
1 + O

(1
r

)]
dt , F = dA .

(22)
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Reduced action

• Metric ansatz : ds2 = −e2A(r)f(r)dt2 + dr2

f(r) + r2dΣ2
D−2 .

• Reduced action

Ired[A, f, a, ϕ, φ] = 1
16πG

∫
dDx

(
LEH + LϕA

)
, (23)

where

LEH = −eA
[(

(rD−2)′f
)′

+ 2rD−2Λ
]

−
[
rD−2eAf ′ + 2rD−2(eA)′f

]′
,

LϕA = −1
2

rD−2eAfϕ′2 + 1
2

rD−2e−Aeλϕa′2 .
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Scaling symmetry

• Scaling transformation

δσf = σ(2f − r f ′) , δσeA = σ
(

− (D − 1) − r A′)eA , (24)

δσϕ = −σr ϕ′ , δσa = σ
(

− (D − 2)a − r a′) . (25)

• Noether charge, C = C(r)

8GC = − rD−3eA
[
(D − 2)

(
2f − rf ′

)
− r2fϕ′2

]
− (D − 2) q a ,

(26)

where
rD−2e−Aeλϕa′ = q . (27)
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The Smarr relation

• At the horizon from direct computation and C = C(rH)

(D −2)THSBHW = 1
2π

(C − C0) , C0 ≡ −D − 2
8G

qa(rH) .

• At the asymptotic from direct computation

δMADT = 1
8πG

∫
r→∞

dxµν

(
δKµν(ξT ) − 2ξ

[µ
T Θν](δΨ)

)
= 1

16πG

[
− (D − 2)rD−3eAδf − a δq − rD−2eAf(ϕ′ δϕ)

]
r→∞

.

• ‘on-shell’ scaling transformation to get finite expression

δ̂σf = σ(2f − r f ′) , δ̂σeA = σ
(
z − 1 − r A′)eA ,

δ̂σϕ = −σr ϕ′ , δ̂σa = σ
(
za − r a′) .
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The Smarr relation

• unwanted transformation

δ̂σµ = −σ
√

2(D − 2)(z − 1) µ . (28)

• Mass expression

δMADT = δ̂σMADT + δ̂µMADT = σ(D + z − 2)MADT . (29)

with

δ̂σMADT = σ

2π
C . (30)

• Smarr relation

1
2π

(C − C0) = (D + z − 2)MADT = (D − 2)THSBHW . (31)
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Conclusion

• We checked the Lifshitz Smarr relation for the NMG for
various examples.

THS = (1 + z)M
• We obtained the Lifshitz Smarr relation for the specitic EMD
gravity, also with scalar hair.

THS = D + z − 2
D − 2

M

• For ‘rotating’ BH with one Killing vector. [arXiv: 1508.06484]

M∞ = 1
2

THSH + ΩHJ∞ − 1
32πG

∫
drdy

[
δIred

δΨ̇
Ψ̇

]
dM∞ = THdSH + ΩHdJ∞
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